In the area of homogeneous, isotropic, linear elastic rough surface normal contact, many classic statistical models have been developed which are only valid in the early contact when real area of contact is infinitesimally small, e.g., the Greenwood-Williamson (GW) model. In this article, newly developed statistical models, built under the framework of the (i) GW, (ii) Nayak-Bush and (iii) Greenwood's simplified elliptic models, extend the range of application of the classic statistical models to the case of nearly complete contact. Nearly complete contact is the stage when the ratio of the real area of contact to the nominal contact area approaches unity. At nearly complete contact, the non-contact area consists of a finite number of the non-contact regions (over a finite nominal contact area). Each non-contact region is treated as a mode-I ''crack''. The area of each non-contact region and the corresponding trapped volume within each noncontact region are determined by the analytical solutions in the linear elastic fracture mechanics, respectively. For a certain average contact pressure, not only can the real area of contact be determined by the newly developed statistical models, but also the average interfacial gap. Rough surface is restricted to the geometrically-isotropic surface, i.e., the corresponding statistical parameters are independent of the direction of measurement. Relations between the average contact pressure, non-contact area and average interfacial gap for different combinations of statistical parameters are compared between newly developed statistical models. The relations between non-contact area and average contact pressure predicted by the current models are also compared with that by Persson's theory of contact. The analogies between the classic statistical models and the newly developed models are also explored.
Introduction
Elastic rough surface contact models have been developed for more than 50 years since the first one created by Archard (1957) . Because of the complexity of the boundary conditions on the contact interfaces, i.e., the surface traction distribution and surface displacement field, the elastic rough surface contact problem cannot be completely solved analytically except for the case when contact becomes complete. 1 The statistical based model is one of the approximate models and was first introduced by Greenwood and Williamson (1966) . This is the first model combining the random process with the elastic contact model (Hertzian spherical contact model). modeled the rough surface as a twodimensional (2D) isotropic, Gaussian, random process, which is referred to as Nayak's random theory. Bush and Thomas, 1982 applied Nayak's random theory in the elastic rough surface contact model (Nayak-Bush model) by assuming that the asperities are axisymmetric. Bush et al., 1975 developed, up till now, the most complete statistical model (BGT model) based on Nayak's random theory.
Utilization of the Hertzian elliptic contact model complicates the BGT model. Greenwood, 2006 reduced the complexity of the BGT model by introducing an mildly Hertzian elliptic contact model which is only valid for the elliptic asperities with similar principle curvatures. This model is referred to as Greenwood's simplified elliptic model. A good agreement can be found between the BGT model and Greenwood's simplified elliptic model (Greenwood, 2006) . Those statistical models, discussed above, are now referred to as the classic statistical models. One of the main assumptions adopted in the classic statistical models is that the interactions between the neighboring contacting asperities, due to the elasticity of the substrate, are ignored, which limits the application of the classic statistical models within the light load (real area of contact ( nominal contact area) range. Nearly all the newly developed statistical models (Bush et al., 1976; O'Callaghan and Cameron, 1976; Francis, 1977; McCool and Gassel, 1981) after the Greenwood and Williamson (GW) model restrict their application within the case of early contact where the real area of contact is infinitesimally small. Few attempts have been made to introduce the asperity interaction (equivalently, the elasticity of the substrate) in the classic statistical model (Zhao and Chang, 2001 , e.g., Ciavarella et al., 2008) . Nearly complete contact is defined as the stage where isolated non-contact regions (easily visualized as ''islands'') of infinitesimally small areas are surrounded by the contact area (likewise visualized as the ''sea'') when the average contact pressure is extremely high. The systematic study of nearly complete contact has received less attention compared to the early contact case even though it has many applications, such as the leakage of static seals, electrical contacts and tire/road interaction. Johnson et al. (1985) derived the asymptotic solutions of the rough contact problem of an elastic half-space with slightly (bi-) sinusoidal waviness in contact with a rigid flat at nearly complete contact. They treated the gaps between the deformed waviness and the rigid flat as mode-I ''cracks''. Based on the concept of the stress intensity factor (SIF) in fracture mechanics, they obtained the approximate analytic solution to the relation between the average contact pressure and non-contact area within a complete period. tensile stress area, i.e., the area of tensile stress in p 2 ðx; yÞ within each non-contact region
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y; z surface displacement fields due to the given traction distributions on the boundary, z ¼ 0, of a half-space w amplitude of the frequency vector w w x ; w y frequency components in the x and y directions x 0 ; y 0 local coordinates of each non-contact region centered about its centroid (see Fig. 6 ) x; y; z Cartesian coordinates E complete elliptic integral of second kind w frequency vector contains the frequencies in the x and y directions Superscript h for the rough surface p for the ''pressure surface'' * dimensionless symbol, except for the effective material modulus, E and Greenwood (2006) explored the possibility of obtaining an asymptotic solution at nearly complete rough surface contact. They assumed that each ''crack'' formed between the rough surface and the rigid flat can be closed by introducing a parabolic tensile stress distribution acting on its surface. Eliminating this tensile stress distribution may form a non-contact region which can be determined by setting the corresponding SIF to zero. Salganik et al. (2009) reported their previous works on the nearly complete rough surface contact. They treated the gaps between the contact interfaces as sockets. They derived the noncontact area and the pressure distribution at the edge of the contact area as a function of the average pressure acting remotely. In their work, they mentioned the idea of building the solution under the framework of the GW model, however according to the cited articles, their model only includes one socket, i.e., only one non-contact region over the entire nominal contact area, which is unrealistic.
Manners
The above three articles form the basis of the current study. The pressure distribution at the almost complete contact will be approximated by the method used by Johnson et al. (1985) . The size of each non-contact region will be calculated based on the method reported by Manners and Greenwood (2006) . Three new statistical models, which is referred to as the modified statistical models, are developed under the frameworks of the classic statistical models, namely, the GW, Nayak-Bush and Greenwood's simplified elliptic models. Final forms of the non-contact area and the average interfacial gap, which will be discussed later, are derived in terms of the average contact pressure. Persson (2002) developed an original model for the elastic, isotropic, Gaussian surface contact. This model together with all the models based on it are referred to as Persson's theory of contact. Persson's theory of contact (Persson, 2002; Manners and Greenwood, 2006) gives a strikingly simple relation between the average pressure and real area of contact between a nominally flat rough surface and a rigid flat throughout the whole range from the first touch to the complete contact. Persson (2007) also extended his original contact theory in order to predict the average interfacial separation which is the distance between the mean level of a deformed rough surface and a rigid flat. In the end of the current study, Persson's theory of contact is compared with the newly developed statistical models. Fig. 1(a) schematically shows the frictionless, non-adhesive, dry contact occurring between two homogeneous, isotropic, linear elastic half-spaces with nominally flat rough surfaces on the boundaries (z ¼ 0 planes). Note that the effect of gas or liquid sealed between the contact interfaces is neglected. h 1 ðx; yÞ and h 2 ðx; yÞ are the heights of rough surfaces of two contact bodies over the entire z ¼ 0 planes. Two rough interfaces are assumed to be smooth only within a certain range of wavelengths, since, in practice, the rough surfaces data are measured from the surfaces of finite sizes with limited resolutions. The upper limit is the dimension of the nominal contact area and the lower limit twice the resolution. The Young's modulus and Poisson's ratio of two contact bodies are E i and m i , i ¼ 1; 2, respectively. Surface separation between the mean levels of the two nominally undeformed rough surfaces, h 1 ðx; yÞ and h 2 ðx; yÞ, is d.
Statement of problem
The above elastic contact problem is equivalent to the one between a rigid flat and an elastic half-space, see Fig. 1(b) , with an equivalent rough surface, hðx; yÞ ¼ h 1 ðx; yÞ þ h 2 ðx; yÞ, Young's modulus, E, and Poisson's ratio, m, so that
where
2 Þ is referred to as the effective material modulus. A rigorous proof of the above equivalence can be found in the work of Barber (2003) .
Let us define the entire z ¼ 0 plane of the equivalent rough surface as domain X. Since the height of the equivalent rough surface, hðx; yÞ ¼ h 1 ðx; yÞ þ h 2 ðx; yÞ, is absolutely negligible compared with the dimensions of the domain X (infinite), the equivalent rough contact body in Fig. 1 
are more reasonable to describe the infinite rough surface contact.
A n is the nominal contact area which is the size of domain X.
Contact pressure distribution at nearly complete contact
The above 3-dimensional (3D) elastic mixed boundary-value problem can only be solved analytically for several limited cases, e.g., the Hertzian contact of parabolic surfaces. Currently, the rough 2 The additional requirement for the half-space approximation is that the mean square slope of the roughness is much less than one. The half-space approximation is adopted in the majority of the numerical deterministic models (Stanley and Kato, 1997; Polonsky and Keer, 2000; Liu et al., 1999) , even though it is not always declared explicitly.
surface contact problems are mainly solved deterministically by the numerical models using various iterative methods (Stanley and Kato, 1997; Polonsky and Keer, 2000; Liu et al., 1999) . Let E½ be the symbol of taking the average value. In the current study, the rough surface is measured from its mean level, i.e., E½h ¼ 0. When the rough surface comes into complete contact with the rigid flat, the corresponding surface deformation is u z ðx; yÞ ¼ hðx; yÞ þ C; ð4Þ
where the constant term, C, denotes the uniform (rigid body) displacement of the boundary of the half-space. The corresponding contact pressure distribution, pðx; yÞ, between the interfaces is pðx; yÞ ¼ p c ðx;
where E½p c ¼ 0. It is very obvious that terms in pðx; yÞ, namely, p c ðx; yÞ and p, give rise to the corresponding surface deformation fields, hðx; yÞ and C, respectively. A schematic representation of the pressure distribution, p c ðx; yÞ, is illustrated in Fig. 2 at the stage of complete contact. In order to achieve the non-adhesive (non-negative pressure) contact, the value of p needs to satisfy the following inequality
There is a critical value p c ¼ j minðp c Þj of p above which the contact becomes complete. Details of the derivation of p c ðx; yÞ can be found in Appendix A. Fig. 3 illustrates the contact domain, X c , and non-contact domain, X nc , at nearly complete contact, i.e.,
point, the non-contact domain, X nc , consists of infinite sparsely distributed small non-contact regions of size A i . Thus, the non-contact ratio,
At nearly complete contact, the corresponding pressure distribution, pðx; yÞ, may be approximated by Eq. (5). The accuracy of this equation depends on p c À p. As p c À p increases, the error brought by Eq. (5) may be amplified. However, if we restrict our analysis within a reasonable range of p c À p, the pressure distribution predicted by Eq. (5) may not deviate much from the real solution. In the non-contact domain, X nc , the contact pressure, pðx; yÞ, is zero. Consequently, a truncated form of Eq. (5) may be used to approximate the corresponding pressure distribution for the nearly complete contact case:
pðx; yÞ ¼ p c ðx; yÞ þ p ðx; yÞ 2 X c ;
where p < p c . This truncation method has already been used by Johnson et al. (1985) in approximating the contact pressure between a slightly (bi-) sinusoidal waviness and a rigid flat at nearly complete contact case. Fig. 4 (a) shows the cross-section of a part of the contact pressure distribution, pðx; yÞ, and the corresponding deformed profile of the rough surface. According to Eqs. (5) and (8) rigid flat Assuming that the negative pressure in p 1 ðx; yÞ is negligible comparing to the positive part (this is true at nearly complete contact), then the average pressure in Fig. 4 (a) and (b) can be treated as the same (see the average pressure distributions on the far ends in Fig. 4(a) and (b) ).
Since the geometry of the rough surface, hðx; yÞ, and the corresponding pressure distribution, p c ðx; yÞ, at complete contact are very similar, the terminologies, such as asperity and valley, can also be applied to describe the corresponding geometrical feature of p c ðx; yÞ. Here we refer to the geometry of the pressure distribution as the ''pressure surface''.
When p c À p ! 0 þ , the positive pressure distribution, p 2 ðx; yÞ, in Fig. 4 (c) is equivalent to a group of valleys of the ''pressure surface'' p 1 ðx; yÞ below the p ¼ 0 level in Fig. 5(a) . Additionally, p 2 ðx; yÞ is also equivalent to a group of asperities of the ''pressure surface'' p ¼ Àp c ðx; yÞ above the p ¼ p level in Fig. 5(b) . e A i in Fig. 4 (c) represents each bearing area of the pressure distribution p 2 ðx; yÞ on the p ¼ 0 level. Equivalently, we can also find e A i in Fig. 5(b) on the level p ¼ p. e A i is referred to as the ''tensile pressure area'' in the current study.
Usually the asperities of the rough surface are approximated by the parabolic form (i.e., Hertz contact) in the classic statistical models, e.g., the GW (Greenwood and Williamson, 1966) , NayakBush (Bush and Thomas, 1982) and BGT (Bush et al., 1975) models. Similarly, the geometry of p 2 ðx; yÞ within each non-contact region can also be described by the parabolic form:
where x 0 and y 0 are the local coordinates in each non-contact region. p is the height of the local asperity of the ''pressure surface'' p ¼ Àp c ðx; yÞ in Fig. 5(b) . j 1 and j 2 are positive maximum and minimum semi-principle curvatures of the ''pressure surface'' p ¼ Àp c ðx; yÞ along the principle axes x 0 and y 0 which are illustrated for a typical non-contact region in Fig. 6 . Note that the dimensions of j 1 and j 2 are Pa=m 2 Â Ã . It is obvious that the shape of the noncontact region is elliptic (j 1 > j 2 ) or circular (j 1 ¼ j 2 ) from the above parabolic form of pressure distribution and is also reasonable to be applied to approximate the shapes of the real non-contact regions at nearly complete contact. Fig. 6 illustrates a typical elliptic contact region of semi-axes a i and b i (a i P b i ), respectively. Using the following coordinate transformations
we can redefine p 2 ðx 0 ; y 0 Þ in polar coordinates as follows
where r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n 2 þ f 2 p . According to the above discussion, we may draw the following conclusion: Non-contact regions occur at the same locations as those asperities of the ''pressure surface'', p ¼ Àp c ðx; yÞ, which are above the level p ¼ p. Consequently, the distribution of the non-contact regions is naturally related with that of the asperities of the ''pressure surface'', p ¼ Àp c ðx; yÞ. In the rest of this article, the terminology, ''pressure surface'', is reserved only for describing the geometry of the pressure distribution, p ¼ Àp c ðx; yÞ. In the following two sections, analytical methods in fracture mechanics are applied to determine the area of each non-contact region and the corresponding trapped volume.
Area of the ''cracks''
One of the assumptions adopted in the classic statistical models, e.g., the GW (Greenwood and Williamson, 1966) , Nayak-Bush (Bush and Thomas, 1982) and BGT models (Bush et al., 1975) , is that the interaction between neighboring contacting asperities is negligible. This is the main reason that the classic statistical models are only valid in the early contact. Similarly, this assumption can be applied in the current study with a different statement: the interaction between neighboring non-contact regions is negligible. This assumption is reasonable because the pressurized noncontact regions of negligibly small sizes are distributed remotely at the case of nearly complete contact, see Fig. 4(c) . Consequently, each non-contact region can be studied individually and one of which is illustrated in Fig. 7(a) . The pressure distribution, pðrÞ, can be described in polar coordinates at the vicinity of each non-contact region due to the axisymmetric form of Eq. (12). According to the previously described decomposition of pðrÞ, Fig. 7(a) can be treated in the same way as the superposition of Fig. 7(b) and (c) . Fig. 7(a) shows the details of the contact between a nominally flat rough surface and a rigid flat at nearly complete contact at the vicinity of a non-contact region which can be treated as a mode-I ''crack''. Fig. 7(b) shows an uncracked body where the gap is closed due to the negative (tensile) pressure distribution acting on the ''crack'' surface. Fig. 7(c) shows a cracked body with the pressure distribution, p 2 ðrÞ of Eq. (12), acting only on the ''crack'' surface.
According to Buckner's principle (Buckner, 1958) , the stress intensity factors (SIF), K I , at the edges (A and B) of the ''crack'', in Fig. 7(a) and (c) are the same. However, it is obvious that no stress singularity exists at those edges since the contact pressure there are zero. As a matter of fact, SIF is zero: K I ¼ 0.
The SIF for the case shown in Fig. 7 (c) can be calculated by the following Green's function developed by Barenblatt (1962) 
where p 2 ðrÞ is replaced by Eq. (12) and b i is the radius of the noncontact region, A i , defined in coordinates (n; f), see Fig. 6 . Setting K I ¼ 0 in Eq. (13), we have the semi-minor axis of the elliptic non-contact region defined in coordinates ðx 0 ; y 0 Þ
which is derived by Manners and Greenwood (2006) . According to the relation f ¼ ffiffiffiffi j 2 j 1 q y 0 , we can also have the semi-major axis of the elliptic non-contact region
ð15Þ Johnson et al. (1985) derived the expression of b i in another way. Firstly, they obtained the crack opening displacement, gðrÞ, shown in Fig. 7(a) , based on Sneddon's solution (Sneddon, 1946) . Since there's no singularity at the edges of the contact region, the derivative dgðrÞ=dr ¼ 0 when r ¼ b i . Derivation of b i can be found in Appendix B and the expression of b i is exactly the same as Eq. (14). Now, the area of the elliptic non-contact region is
For a special case when an asperity of the ''pressure surface'' is axisymmetric, i.e., j ¼ j 1 ¼ j 2 , the area of non-contact region is
According to the statistical contact theory, the contact ratio, A Ã ð pÞ, may then be calculated using the following integral: 
Note that A i is larger than the corresponding tensile pressure area. Theoretically, A i should be equal to e A i in order to guarantee that the contact pressures, pðrÞ, at the contact edges, e.g., A and B in Fig. 7 , are zero. However, since A i > e A i ; pðrÞ must have a sudden jump from zero (non-contact region) to positive (contact region) values at edges A and B after the superposition of p 1 ðrÞ and p 2 ðrÞ, which is against the zero boundary condition. This paradox can be explained by the fact that the form of the tensile pressure distribution, p 2 ðrÞ, is over-simplified as parabolic.
Trapped volume in a single ''crack''
Based on the crack opening displacement, gðrÞ, derived in Eq. (B.1) in the Appendix B, the trapped volume, V i , between each ''crack'' surface and the rigid flat is
Note that the ''crack'' opening displacement, gðrÞ, is defined in polar coordinates. CðrÞ is the circumference of the boundary on which ''crack'' opening displacements share the same value of gðrÞ. In polar coordinates, this boundary is a circle of radius r. Transforming back to the coordinates x 0 and y 0 , this boundary becomes elliptic with the semi-axes: r ffiffiffiffi j 1 j 2 q (major) and r (minor), and CðrÞ may be written as
Now note that EðeÞ is the complete elliptic integral of the second kind EðeÞ ¼
and e is the eccentricity of an elliptic crack defined as
Consequently, substituting Eqs. (14), (21), (23) 
For the case when the asperities of the ''pressure distribution'' are axisymmetric, i.e., j ¼ j 1 ¼ j 2 ; e ¼ 0; Eð0Þ ¼ p=2, the expression of V i is simplified to
Finally, the average interfacial gap, g, can be determined according to the statistical contact theory as g
V i ðp; j 1 ; j 2 ÞU p ðp; j 1 ; j 2 Þdj 1 dj 2 dp; ð26Þ and g Ã is the dimensionless form of g normalized by the root mean square (r.m.s) roughness r.
Statistics of ''pressure surface''
It is widely accepted that a rough surface, hðx; yÞ, is a random process, i.e., it does not have a deterministic form. Since the corresponding ''pressure surface'' can be determined through the Fourier transform of hðx; yÞ (see Appendix A), we can expect that the ''pressure surface'' is also a random process. Consequently, the geometry of the ''pressure surface'' needs to be described statistically. In order to distinguish the statistics of the ''pressure surface'' from that of the rough surface, two superscripts ''p'' and ''h'' are defined to denote the statistic parameters for the ''pressure surface'' and rough surface, respectively.
In the following sections, the discussion of the statistics of the ''pressure surface'' is limited to the case where the corresponding rough surface, hðx; yÞ, is a random, isotropic, Gaussian surface. Then, the joint PDF of the rough surface has the following form according to Nayak's random theory 
which is in the function of 6 random variables, n h i ; i ¼ 1; . . . ; 6, where
where U h denotes the probability of a rough surface point having a certain combination of height, slopes and curvatures defined by Eq. (28). The complete expression of U h can be found in the work of (Eq. (35) in ).
For an isotropic surface, these random variables are related to the spectral moments by
Two problems need to be answered before we apply Nayak's random theory to describe the statistics of the ''pressure surface'': 
which is the transfer function between the spectrums of the rough surface, Àhðx; yÞ, and the corresponding ''pressure surface'', Àp c ðx; yÞ. Taking square of the above transfer function, we can have the relation between the power spectrum density of the rough surface and the ''pressure surface'',
Thus, the ''pressure surface'' is isotropic as long as the rough surface is isotropic.
2. Under what condition is the ''pressure surface'' Gaussian? Manners and Greenwood (2006) pointed out that ''A key feature of the Gaussian profile is that it can be regarded as being the sum of an infinite number of infinitesimally small, uncorrelated, sinusoidal waves''. According to Eq. (A.2) in Appendix A, the ''pressure surface'' is Gaussian as long as the corresponding rough surface, hðx; yÞ, is Gaussian.
Thus, by following the expression of the above U h , the joint PDF of the ''pressure surface'' can be written as
For an isotropic ''pressure surface'', these random variables are related to the spectral moments by 
Application of classic statistical models in the nearly complete contact
In the previous sections, we derive (i) the area, A i , of each noncontact region (Eq. (16)); (ii) the trapped volume, V i , within each non-contact region (Eq. (24)) and (iii) the statistical framework, i.e., the PDF, U p , and spectral moments, m p n ; n ¼ 0; 2; 4, of the ''pressure surface''.
According to the expressions of contact ratio, A Ã , and average interfacial gap, g Ã , in Eqs. (18) and (26), an appropriate PDF, U p , needs to be found. In the following sections, PDFs used in the GW (Greenwood and Williamson, 1966) , Nayak-Bush (Bush and Thomas, 1982 ) and Greenwood's simplified elliptic (Greenwood, 2006 ) models are applied to build three newly developed statistical models for the case of nearly complete contact, respectively.
Modified Greenwood and Williamson (GW) model
In the original GW model, the PDF of the asperity is Gaussian which depends only on one random variable, n h 1 , and the effects of the curvatures on the PDF are neglected. Similarly, the PDF of the asperity of the ''pressure surface'' can follow the same form of that in the original GW model which can be written as
where r p s is the r.m.s of the asperity heights of the ''pressure surface'', m p is the distance between the mean asperity level and mean level of the ''pressure surface'' (see Fig. 2 ). In the original GW model, the shape of each asperity is assumed to have a constant radius of curvature, R h , and thus a constant R p is used to approximate the average radius of curvature of the asperities of the ''pressure surface''. Note that h and p on R h and R p are superscripts not powers
Eqs. (17) and (25), then the non-contact region, A i , is
and the trapped volume, V i , between each ''crack'' surface and the rigid flat is
According to Eq. (18), the contact ratio, A Ã , is formulated as
According to Eq. (26), the average gap,
The infinite upper limit of the contact pressure stems naturally from the Gaussian ''pressure surface'' as long as the corresponding rough surface is Gaussian. Additionally, from Eq. (38), we can have the following conclusion that a complete contact cannot be achieved unless the average contact pressure, p, approaches infinity. This has also been discovered by Ciavarella et al. (2000) , Manners (2000) , Persson (2002) , Manners and Greenwood (2006) , Jackson (2011) , etc. Recently, an interesting conclusion has been drawn by Kudish et al. (2013) that the complete contact of a twice continuously differentiable rough surface may be achieved under a sufficiently large average pressure.
McCool (1987) collected the closed-form expressions of inputs for the GW model derived by and Bush et al. (1976) . Equivalently they can be applied here to determine g
where a p is the bandwidth parameter of the ''pressure surface'':
The following dimensionless variables are now defined: n 
and the average interfacial gap is
Note that for a given dimensionless average pressure, p Ã , the corresponding dimensionless non-contact area, 
Modified Nayak-Bush model
Nayak ( 
Since the sum of the principle curvatures of the asperity is equal to the sum of the curvatures along any two orthogonal directions, j h m can also be written as
Embedding the zero slope condition (n Similarly, if we assume the rough surface is random, isotropic, and Gaussian, we can obtain the PDF of the asperity of the ''pressure surface''. Following the notation suggested by Greenwood (2006) , we have
where 
and u p is a dimensionless (negative) mean curvature. Bush and Thomas (1982) (17) and (25), the non-contact region, A i , is
and the trapped volume, V i , between the ''crack'' surface and the rigid flat is
Replacing the variables, n p 1 , p and j p m , with the corresponding dimensionless ones, the following forms can be derived
q . According to Eqs. (18) and (26), we may have the contact ratio, A Ã ð p Ã Þ, and average interfacial gap,
and
where a
Note the similarity here to that declared in the end of Section 7.1: for a fixed dimensionless average pressure, p Ã , the corresponding non-contact ratio, 1 À A Ã , and average interfacial gap, g Ã =a p 1 , are dependent only on the bandwidth parameter a p .
Modified Greenwood's simplified elliptic model
Greenwood derived a joint PDF (see Eq. (9) in Greenwood (2006) ) based on Nayak's random theory 
and the average interfacial gap,
Note that a similar observation to that declared in the ends of Sections 7.1,2: for a fixed dimensionless average pressure, p Ã , the corresponding non-contact ratio, 1 À A Ã , and average interfacial gap, g Ã =a p 1 , are dependent only on the bandwidth parameter a p . Additionally, the modified Greenwood model is, so far, the most complete statistical model among all the newly developed models.
Numerical results
In the previous sections, three statistical models are developed (see Section 7) for the case of nearly complete contact based on the GW, Nayak-Bush and Greenwood's simplified elliptic contact models. All three newly developed models are referred to as modified statistical models. In this section, the numerical results of the following models are discussed:
in the modified Nayak-Bush model. Higher powers (5=2 and 3=2) of both terms: n pÃ 1 and ðÀu p Þ À1 when compared to (3=2 and 1=2) of n hÃ 1
and ðÀu h Þ À1 cause more severe non-linearity as shown in Fig. 9(b) and (d).
Connections between the statistical models at early and nearly complete contact
When we are trying to connect these two different kinds of statistical models: the classic and modified statistical models, which describe the two extreme cases, namely, the early and nearly complete contact, we meet a contrasting situation where Let us redefine d Ã as the surface separation between the rigid flat and the mean level of the deformed rough surface, see Fig. 11 . Note that the uniform (rigid body) displacements of the rough surface and rigid flat are neglected in Fig. 11 . This new definition of d Ã abandons the rigidity of the substrate and is still valid for the classic statistical models applied at early contact since local asperity deformations are dominant comparing to that of the substrate. As d Ã is decreased from infinity to zero, the rough contact transits from first touch to complete contact. Average interfacial gap is defined as:
yÞdA where gðx; yÞ is the gap between the deformed surface and the rigid flat at ðx; yÞ, see Fig. 11 . Since we neglect the uniform (rigid body) displacement of the rough surface and rigid flat, i.e., E½u z ¼ 0, the following relation between g Ã and d Ã is exact:
As d Ã is decreased, especially at nearly complete contact, the difference between u z ðx; yÞ and hðx; yÞ are more and more smaller. Thus, R X hðx; yÞ À u z ðx; yÞdA ! 0 when non-contact area, 1 À A Ã , is vanishing and finally we have
The above identity ensures that the classic statistical models and the modified statistical model are two asymptotic solutions of a universal statistical contact model.
Limitations of numerical deterministic model
Numerical deterministic models (Stanley and Kato, 1997, e.g., Polonsky and Keer, 2000; Liu et al., 1999) are not applied here to validate the newly developed statistical models, since it is likely to have inaccurate predictions when non-contact area, 1 À A Ã , is vanishing because of the insufficient population of (1) non-contact regions and (2) sampling points within each of them. Hyun et al. (2004) pointed out that the finite element (FE) model of the elastic rough surface contact is also not accurate when A Ã is vanishing due to the insufficient number of contact regions and sampling points within each of them. The newly developed statistical models solve the problem of insufficient non-contact regions by using a continuous PDF to describe the distribution of the asperities of the ''pressure surface''. The problem of insufficient sampling points in each non-contact region is solved by introducing the concept of a ''crack'' which has a certain deterministic profile. Consequently, the newly developed statistical models must have a broader range of application and better accuracy than the numerical deterministic models in nearly complete contact (when 1 À A Ã is vanishing).
Conclusion
In the current work, the problem of the elastic contact between a homogeneous, isotropic, linear elastic half-space with a nominally flat geometrically-isotropic rough surface on the boundary and a rigid flat is solved at nearly complete contact. By introducing the concept of a penny-shaped crack and the stress intensity factor, the area of each non-contact region and the trapped volume formed within each ''crack'' are determined respectively based on the geometrical parameters (e.g., height and principle curvatures) of the asperities of the ''pressure surface''. Knowing the PDF of the asperities of the ''pressure surface'', statistical models, built under the framework of the GW, Nayak-Bush and Greenwood's simplified elliptic models, are applied to determine the relations between the contact ratio, A Ã , average pressure, p Ã , and average interfacial gap, g Ã , at nearly complete contact. The non-contact ratio, 1 À A Ã , to the average pressure, p Ã , relations from the newly developed statistical models have a good qualitative agreement with that of Persson's theory of contact at the majority of the range of the nearly complete contact. Three different statistical models, namely, the modified GW, modified Nayak-Bush and modified Greenwood's simplified models, have similar predictions of (i) the non-contact ratio, 1 À A Ã , to the average pressure, p Ã , relation and (ii) the non-contact ratio, 1 À A Ã , to the average interfacial gap, g Ã . Similar patterns of the corresponding relation curves have been found in the statistical models applied at both early and nearly complete contact cases. Finally, we find that the classic statistical models and the newly developed models represent two asymptotic solutions of a universal rough surface contact model valid throughout the whole load range from first touch to complete contact.
Appendix A. Analytical pressure distribution at complete contact Johnson et al. (1985) derived the analytical solution of a spatial contact problem of an elastic half-space with slightly bi-sinusoidal waviness in contact with a rigid flat at complete contact based on the Westergaard solution (Westergaard, 1939) pðx; yÞ ¼p cosðw x xÞ cosðw y yÞ; m gives rise to u z ðx; yÞ ¼ D cosðw x xÞ cosðw y yÞ;
ðA:1Þ
is the average pressure at complete contact. w x and w y are the frequencies in the x and y directions.
Assume the surface displacement field is u z ðx; yÞ ¼ hðx; yÞ with E½h ¼ 0. According to the above correlation, the pressure distribution p c corresponding to the surface displacement field, u z ðx; yÞ ¼ hðx; yÞ, can be derived through the Fourier transform (Stanley and Kato, 1997) 
